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Abstract

In this investigation, a solution model is proposed to characterize and analyze the stresses and displacements induced by surface
waves in a corrugated, inhomogeneous, fibre-reinforced material under magneto-elastic influences, with some underlying
mechanical inclinations. The governing equations of the model problem ate presented using the material's constitutive relations.
By the normal mode method, we derived the analytical solution of the model whilst utilizing non-dimensionalization of the
equations of motion to reduce redundant parameters, and so on. Also, the model considers only a case in which the boundary
corrugation or wavy-like phenomenon has various amplitudes and inhomogeneous impedance conditions, resulting in a complex
geometry. Following this, suitable applications of the formulated boundary conditions — variable-amplitude corrugation and
inhomogeneous impedance conditions, along with mechanical inclinations - are used to ensure that the complete solutions for the
wave's stresses and displacements in the inhomogeneous medium are derived. In addition, the distributions of stresses and
displacements in these fields are graphically presented using MATHEMATICA software to assess the variations and behaviors of
the considered physical quantities, including the nonlocal parameter, variable-amplitude corrugation, inhomogeneous impedance
parameters, and angles of inclination. We observe that these parameters significantly affect the distribution of the surface wave
across the material, with the nonlocal, angle-of-inclination, and inhomogeneous parameters causing downward trends in the
distribution profiles as they increase. Exceptional cases of constant amplitude can be obtained from our model if we neglect one
of the quantities with variable amplitude in the corrugation and the magnetic impact on the medium. This study should prove

helpful for examinations in geophysics and seismology, where the analysis of surface disturbances is required.

Keywords: Variable amplitudes of corrugation, Magnetic influence, Inhomogeneous impedance boundaries,
Inhomogeneous medium, Angles of inclination, Wavenumber.

1| Introduction

In the field of solid mechanics, investigations on wave propagations in and on surfaces of materials are still
much paramount as a result of the roles played by these waves in our everyday activities especially in the
industries. And the nature of materials (whether naturally or artificially engineered) in which they travel is also
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of great concern to scientists since this helps for materials characterizations, design, and manufacturing.
Moreover, the nature of waves that propagates primarily on materials surfaces could be in the form of
Rayleigh, Stoneley and Love types of surface waves. These gives great credence in furthering examinations
likened to their displacements and stresses which they exerts in the course of their propagations across
surfaces of materials. Owing to this and material characteristics which greatly influences wave propagations,
researchers in this field tend to focus their investigations hugely on either of the two classifications of
materials- Isotropic or Anisotropic material. Composite materials are in the class of anisotropic materials.
These composites such as the fibre-reinforced composites gives good quality when utilized in several
applications of engineering and geophysical works due to its flexibility, malleability and even tensile strength.
Thus, in other to gain insights about the movements of these surface waves on composite materials, we
sometimes employ mathematical models and its solutions. This was demonstrated in one of the researches
conducted by Spencer [1], where he gave account of deformations occasioned by fibre-reinforced composites
in classical theories. However, investigations of waves on surfaces of materials can still occur using the non-
local theory of elasticity, Barak et al. [2] which involves incorporating the product of the squared of both the
internal friction and material constants to the equations of motion and thereby introducing higher order

gradients in the dynamical equations of the wave.

Furthermore, when deformations of homogeneous materials occurs in the mathematical sense, it creeps in
inhomogeneity in the equations of motion defining the wave phenomena as a result of change in state of the
material constants. These are usually expressed in either of decaying or growing exponential functions of the
material constants along a coordinate of interest, through which waves are analyzed, Barak et al. [3]. Aside
the nonlocal theory of wave considerations on composites, without further incorporations of some
environmental, mechanical and even electrical factors into the model problems, scientists may not accurately
predict the exhibitions of the phenomena occasioned by surface waves on materials. Hence, such factors used
like the mechanical impedance, Singh [4] and imperfect (corrugated) boundaries, Asano [5] helps to
accommodate analysis of waves across and along interfaces of materials where complex dynamics are
involved-since most materials are not planar in nature.

In addition, authors have strived to employ other physical factors that affects wave modulations coupled with
inhomogeneity, non-locality and impedance-corrugated boundaries in furthering the course of wave
propagation and material behaviors upon the action of say, stress. Singh et al. [6]—[8] proposed and
investigated on qP-wave where the interface is corrugated and having two different initial stress on an elastic
solid, impacts of corrugated surfaces reinforcement, hydrostatic stress, inhomogeneity and anisotropy on
Love waves and also on the influences of loose bonding and sinusoidal boundary conditions on Rayleigh
wave propagation on material surfaces. Das et al. [9] conducted studies that involves waves on a non-
homogeneous elastic solid with gravity effects Also, Abd-Alla et al. [10] opined the impact of rotation and
inhomogeneity on an infinite cylinder of orthotropic elastic material with magnetic impacts whilst
Chattopadhyay et al. [11] examined dispersion of Love-type of wave by utilizing non-planar conditions in the
thickness of a heterogeneous solid half-space. Roy et al. [12] dealt with studies to depicted propagation and
reflection of plane waves with effects of rotation, magnetism and surface stress on a fibre-reinforced material.
Subsequently, Singh et al. [13]; Gupta et al. [14]; Anya et al. [15]—[18] went further to make investigations
linked to magnetic effects on surface waves in a rotating inhomogeneous solid having corrugated-impedance
conditions, and non-local impacts, respectively. Likewise, Maleki and Jafarzadeh [19] investigation lied on the
determination of the influences of various geometrical aspects on horizontal impedance which are consider
useful when treating surface waves on materials and their counterpart Chowdhury et al. [20] went ahead to
propound the dispersion of Stoneley waves on an imperfect interface of double hydrostatic stressed MTI
media while Singh and Kaur [21], [22] engineered a solution on Rayleigh surface wave at an impedance
boundary of an incompressible micropolar elasticity and orthotropic solid. In a similar vein, Sahu et al. [23]
conducted a Mathematical analysis of Rayleigh waves on a non-planar boundary for two different materials.
Giovannini [24] developed theory associated with dipole-exchange spin-wave propagation in periodically
corrugated films while Rakshit et al. [25], [26] went further to examine stress for the imperfect surface of
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visco-porous piezoelectric half-space with moving load. Eringin [27], [28] opined models to account for linear
theory of non-local elasticity and dispersion of plane waves and nonlocal continua. Thus, the investigations
occasioned by Rayleigh wave in a rotating nonlocal magneto-elasticity on a solid hal-space were carried out
by Roy et al. [29]. While Said et al. [30] developed and demonstrated that the impact of initial stress and
rotation on a nonlocal fiber-reinforced thermo-elastic medium with a fractional derivative heat transfer is
feasible. Now, all the examined body of knowledge posited above concentrated their studies either in part or
individual investigations of the physical interacting parameters with the material make-up, in order to
propound a model and its analysis for various surface waves that exerts on materials. They do not account
for the analysis of displacements and stresses when variable amplitudes of corrugation-impedance,
inhomogeneous conditions and magnetic field theory on the solid medium impacts.

In the light of the foregoing and the literatures given above, this work envisages a surface wave solution
through mathematical modelling and analysis of the displacements, normal and shear stresses on an
inhomogeneous material. The derivations of the analytical solutions of the displacements and stresses of the
waves on the solid material are achieved by incorporating magnetic influences, non-uniform amplitudes of
corrugation, mechanical inclination of the medium and inhomogeneous impedance conditions in the model
problem. Upon derivations of the analytical solutions through normal mode principle, we graphically depict
using MATHEMATICA software, the various effects of the contributing physical parameters magnetic field,
mechanical inclination, variable amplitudes of corrugations, impedance and inhomogeneity on the
displacements and stresses of the surface waves on the solid medium. We observe that these contributing
physical parameters have considerable amount of impacts on the solid and in turn the displacements and
stresses of the wave on the material. Thus, deductions were made such that increase in the angle of inclination,
inhomogeneity, and wavenumber results to decrease on the displacements and stresses of the wave on the
inhomogeneous material whilst noting uniform characteristics along extended length of the normal
coordinate of space coordinate - probably due to reinforcement and considered quantities on the material.

2| The Mathematical Model and Formulations

Following Spencerand [1] Anya et al. [31], [32], the mathematical formulation of the model through
presentation of the fields’ quantities incorporated in the stress-strain constitutive equation for a corrugated
homogeneous fibre-reinforced solid half-space is stated:

Oy = }\’Skksij + ZHTSU + a(qkqmskmsij + Skain) +2(0, — 1y )(qiqukj + qjquki) )

+ B(qkqmgkmqiqj)ﬁ 1 = J = k =m= 1:2935
Eg. (1) holds true when A is the Lames constant, 6;; the stress tensor, g; the strain tensor, u; the displacement
vector, §;denotes the Kronecker—delta function, and (a, B, (1, —pp)) the fiber-reinforced parameters.

Mathematically, we represent the strain-¢; = %(ui,j +uy; ) . We choose q = (1,,1,,1;) such that ¢ =(1,0,0) gives

the directions of the fibre reinforcement employed in the model problem. Thus, the governing equations of
motion incorporating magnetic field theory for the homogeneous fibre-reinforced solid are given below.

Gyt E =pu;, 2)

whereF, = pu, H (e, — g, myii;.e, — & iy, 0)=(F,F,,F,),i=12,3, H =H, +h;, h =(0, 0,-e),is
induced magnetic field,e =u,;;,i =1,2, €,is the electric permeability. The material is assumed to be in the
x,x, - plane. h;(x,,X,,%;)=-u,,8;. h;(x,,X,,%;)=—u, 8. His the magnetic vector field, and W, is the

magnetic permeability according to Maxwell’s theory. Also, recall that Einstein’s summation convention was
used throughout this write-up. And where the index after the comma is, entails partial derivatives with respect
to the coordinate, and superscript dot means partial derivative with respect to time. Since we are dealing with

inhomogeneity in the medium, it is sufficient to introduce exponentially decaying material parameters due to
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the deformations as the wave propagates through the solid. Following Khan et al. [33] and Sethi et al. [34],
this can be represented as: B=B,e™, A=A ™, a=0,e""",u =p e ™ andp=pe™ ,p; =p e
Here, mis the inhomogeneity of the fibre-reinforced solid half-space. When m=0, we recover the

homogeneous nature of the material.

Now, if we make considerations by introducing the inhomogeneous quantity into Egs. (7) and (2), and the
magnetic components, we get the components of the dynamic equations of the wave:

A+20+4p, —2p +B+ HOHé)ul,ll +(a+A+p, + |,t0H(2))u2,21 +

Mo, —mptg (U, +uy ) = {p+ g He i, ®
(0+A+p, + poHé)ul’12 TR Uy (A 20 + uOHg)uz’22 - m(k + ()L)ul’1 @
—m(A+ 2 )u,, = {p+egugHg Hi,.
HpUsy, + Uy 5, —mpuy, =pi;. 5)

However, we can put all the equations above, that is, Egs. (3)_(5) in the form below:

27720
Quuyy +Quuy 5 +Quuy p, —mQ, (ul,z +Uy, ) ={p+e,Hy ;. (6)
Q2u1,12 + Q3u2,11 + quz,zz - szul,l - mQ7u2,2 ={p+ 80“(2)H§ . (7)
Q;uy,, +Quusy,, —mQ,u, , = pi;. 8)

Such that Q, = (A +2a+4p, —2u, +B+p,Hp), Q, =(a+A+p, +p,H;),Q, =p,, Q, =py,

Q, =(A+2p, + uOHé), Q= (7»+ a),Q7 =(A+2p;). When mis considered to be zero into Egs. (6)_(8), that
is, m =0, the dynamic equations of the wave are recovered for a homogeneous material. Now, let us utilize
the following dimensionless parameters: (x,’,x,,u,,u,,K") = ¢y (X,,X,,U,,U,,K),

c.=Q,/p,(t)=cg t, o) =, / pcy, and put them into Egs. (6)_(8) and afterwards dropping the sign “'» from

the resulting equations, a nondimensionalized equation of motion is thus presented below:

2072 ..
Uy gy +Qpuy o + Qa5 —mQ,y, (ul,z +Uy, ) = {l+¢,u Hy / pii,. )
leul,lz + Q13u2,11 + leuz,zz - szeul,l - sz7u2,2 ={l+ sougHé / pii,. (10)
Qiu;,, +Qpuu; 5 —mQyuy , = 1. a1y

(Q12:Q135Q145Q15aQ16aQ17) = ((Q2>Q3’Q4’Q5’Q65Q7)/Ql)a
(Q247Q26’Q27) = (Q14>Q16aQ17)p1/2 /Q13/2'

3| Normal Mode Analysis

This section allows us to employ in the equations of motion, the harmonic solution approach, otherwise called
the eigenvalue method associated with wave analysis, to formulate and derive the analytical solution of the
displacements, which in turn would lead to the derivations of the stresses on the nonlocal inhomogeneous
impedance solid with variable amplitudes and mechanical inclinations with magnetic effects. On application
of this assumption, we can state that the components of the horizontal and normal displacements assume the
form below:

;= (0 (x,)e” ™, i=1,2. (12)

Applying Eg. (12) to the Egs. (9)_(11), we have the three ODEs below, which lie in the direction of the normal

coordinate of spaceX,:
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(Q,; D* —mQ,,D—b*> —K)i, + (iQ,,bD — mQ,,bi — 2pQw)u, =0. (13)
(iQ,,bD —mbiQ,, +2pQw)i, +(Q,; D* —mQ,,D — Q,;b> —K)i, = 0. (14)
(Q,, D> —mQ,,D—(Q,,b> +w?)u, =0. (15)

Where K = (1+¢,ucH; / p)o’) and in Egs. (13)_(15) gives second-order ODEs in the direction of x, coordinate

of space. Now, observe that Egs. (73) and (74) are coupled while Eg. (75) is not. Since we are interested in a
2-D analysis, that is, analysis in the plane of x,x,, it behooves us to take non-trivial solutions of Egs. (713) and
(14) which would give the quartic Eq. (76):

(an4 +q12D3 +q13D2 +q,,D+q;5)(u;,u,)=0. (16)

The polynomial equation in Din Eg. (76) has complex coefficients q;,i=1,2,3,4,5 (Appendix given) which
are characterized in terms of the constants of the considered material. Owing to this, assumptions are made
such that n;,i=1,2,3,4 the real positive roots of Eg. (76) and also, by the presumptions already established

for the use of normal mode solution analysis above of the normal mode approach, u,,u, can be formulated

and presented as follows:
(ﬁl’ﬁz) =(S,.S,,)e "*n=1,2,3,4. a7

Furthermore, the quantities S, and S, in Eq. (77) are functions of the wavenumber b that lies in the direction
of the horizontal coordinate of space, and ® as the complex frequency of the waves’ propagation on the
sutfaces of the material. Making use of Eg. (77) in Egs. (13) and (74), the relation for§, given in terms of S,

follows:

S, =N,S,. (18)
Nln = hln /hzn? hln = (Q13 ni + mQ24nn _b2 -K+ (inan“ + mleZ(’)
h,, =(Q,sn; —Q,;b> + mQ,,n, —K +(iQ,,bn, + mbiQ,,). n =1,2,3,4.

Owing to this, we derive and present the total components of displacements (horizontal and normal
displacements) and normal and shear stresses occasioned by the surface wave on the material:

—M, X, +ot+ibx —M, X, +ot+ibx
u]:Snennz ',U.2:N Senuz 17

In~n
1, ={ib(l= (t,Hj / Q) =1, N, N, }S, e mrmrmrerbn,
0y = {ibQ)s —1,N,, Q18,6 ™™ 6, = (BN, —1,)Q,,S,e” M

6, = (ibN,, —1,)Q,;S,e "M 1y —1.2.3,4.

4| Inhomogeneous Impedance and Variable Amplitudes of
Corrugation Mechanical Inclination

In this section, we need to establish the nature of corrugation to be utilized in our model. However, following
Asano [5], we reformulated x, = &(x,)and &(x,)=E&e™ +& e ,1=1,2,3,4,... such that the variability of

the amplitudes of corrugation could suffice. Thatis &(x,) = £e™ +& e ™™ ,1=1,2,3,4,..., such that we define

£ =(a+cx,)/2, and E =(F+1)/2,1=23... imply
&(x,) = (a+cx,)cosbx, +F, cos 2bx, +1, sin 2bx, +...+F, coslbx, +I,sinlbx,. Here, &and &  entails the

Fourier expansion coefficients and 1is the series expansion order. a connotes the uniform amplitude of
corrugation and b the wavenumber with wavelength 2n/b for the Asano [5] model and n/b for the current

model under investigation, such that whenc=0, we recover the Asano [5] model of constant amplitude of
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corrugation. This means §(xX,) = (a+cx,)cosbx, that the variable corrugation of the current model and

(a +cx,) the non-uniform amplitudes of corrugation, and &(x,) =acosbx, as the model of corrugation with

constant amplitude a Asano [5]. We illustrate two of these cases graphically as given in Fig.7.
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Fig. 1. a. Illustration of constant amplitude of corrugation Asano [5] and b. illustration

of variable amplitude of corrugation, for all x;.

t.

Thus, taking into account the variable amplitudes of corrugation and the inhomogeneous boundary
conditions, we have: 1) u, =0, u, =0, at X, = &(x,), forall x,and t, 2) Normal stress w.r.t X, = E(x,) yields
Where

condition: 6,, +,, — &'(X,)0,, + ®Z,u, = —Fe”"™ cosh, forall x, and
G,, = u,H; (u,, +u,,) Anyaetal. [31], stipulates additional stress on the material according to Maxwell theory,

following

the
- . . — i
and 3) conditions on the shear stress follows as: 6,, —§'(x,)0,, +®Z,u, =-Fe" "™ sin6, v x,and t, Anya et

al. [31], [32] and Azhar et al. [35]. Here, the parameters for inhomogeneity of the impedance are denoted as
Z, and ZzAnya et al. [31], [32] and Ailawalia et al. [36]. Since we are formulating an inhomogeneous
™2 where

impedance at the boundatry, it suffices to consider Z,,Z,,F such that (Z,,Z,,F)=(Z,,Z,,F,)e
Z,,Z,,F, are considered homogeneous in their own merit. This means that we can achieve Z,, and Z,and

F,by recovering them when m=0. Moreover, these propositions stipulate the four equations of
19)

inhomogeneous impedance boundary condition in a non-homogeneous corrugated solid given below.
(20)

s,
@1)

N, S, =0.

In~n

S, =0.
{ibQ,, — nannQn}e_(n")é(XI )Sn +[(a+cx,)bsinbx, —ccosbx, J{(ibN,, — m)le}e_(n")g(x‘)

+{oN, Z, +p Hi (ib—n N, le ™IS =_F cos®.
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{{ibN,, —1,}Q,;8, +[(a +cx,)bsinbx, —ccosbx, ]{ib(1 - (,Hg / Q) —1,N,,Q;¢}S,

(22)
+ {le}}Sne’(“")é(X‘) =-F,sin6, n=1,2,3,4.

Hence, finding the solutions of the algebraic systems of 4x4 equations (Egs. (19)_(22)) forS,, n=1,2,3,4, we

derive the closed-form results of the displacements and stresses occasioned by the surface waves on the
corrugated inhomogeneous magneto-elastic solid inclined at angle® with inhomogeneous impedance
conditions. We also note that when one of the variable amplitude parameters, say,c =0, the distributions of
stresses and the displacements become undoubtedly a special case of the Asano [5] model found in the

literature for corrugation, where uniform amplitude of corrugation holds on the material.
5| Numerical Results and Discussion

To visualize the derived closed-form solutions of the displacements and stresses occasioned by the surface
wave on the solid medium, we have plotted the displacements and stresses of the wave on the material as a

function of the normal coordinate x, of space by using the material constants Othman et al. [37] and other

parameters as given below. This is to examine the effects of the considered physical parameters — magnetic
field, mechanical inclination, variable corrugation amplitudes, and inhomogeneous parameters — on the
wave's displacements and stresses in the inhomogeneous solid half-space. See Figs. (2)_(70) below:

A=3.76x10"kgm's *;p, =7.86x10°kgm™'s ;. =2.86x10°kgm's ?;p = 7800kgm;
m=3;Z =0.54,Z,=0.7;0=-1.78x10°kgm's *;p =2x10’kgm's ?;

o =(0.8 - 0.51)rad /s;t=0.2s;b=4.2;c =7,

a=2.5,x=0.8.F, =0.005N; 0=30".

17)

o N 0.030 . .
0.03 -, 0.025f ..
&0 &0
0.020
g 002 5 0.015
001 0.010
0.00s}
0.00 \\—m——-—m. 0.000
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
x; X2
0.06 o . N .
0.05F . 0.08 e
0.04 “ 0.06} &
=003 = 0.04}
0.02f
0.01 0.02
0.00 0.00
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
xz X2

Fig. 2. Distribution of the displacements wu,,i=1,2and stresses (7t,andT,)

with respect tox, for varying angles of inclination 0 in degrees.

Fig. 2 demonstrates the variations of the angles of inclination 0 on the displacements u;,i =1,2 and stresses (
1, and 1,,) of the surface wave on the inhomogeneous material with respect to the normal coordinate x,
especially when other considered interacting constants of magnetic field, wavenumber b, mechanical
inclination F;, variable amplitudes of corrugation (aand c¢) associated with corrugation, impedance Z;,i=1,2

, and the inhomogeneous m parameters are steady in the system. We note that, in Fig. 2, all the given profiles
of wave displacements and stresses exhibited the same behavior. This is such that an upward variation in the
angles of inclination results in a decrease in the distribution of the fields’ quantities or profiles, whilst
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observing uniform trends towards the extended length of the material, and where vanishing effects occur at
this instance. This could be due to reinforcement of the material and other interacting physical constants
(parameters). Thus, we can infer that a high material inclination angle could reduce surface wave propagation,
possibly because the material has low impact, spread, and resistance. We also observed that a low angle of

inclination tends to produce a maximum distribution of field profiles near the material's origin.

00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14

X2 x2
Fig. 3. Distribution of the displacements u,,i =1,2 and stresses (T,, and T,, ) with respect to X, for

varying mechanical parameter F, associated with inclination.

Also, Fig. 3 stipulates the effects of the mechanical parameter Fyassociated with the inclination of the medium
on the displacements u;,i=1,2 and stresses (1,, and 1,,) of the surface wave on the inhomogeneous material
as against the normal coordinate x, . This is so considering when other interacting constants of the magnetic
field H,, wavenumberb, angle of inclination0, variable amplitudes(aandc)associated with corrugation,
impedance Z;,i=1,2 , and the inhomogeneous m parameters are held in a fixed state on the material. Fig. 3
shows that the wave's displacement and stress profiles behave alike. That is, increasing the mechanical
parameter leads to a broader distribution of field profiles, whilst observing uniform trends towards an
extended material length and the vanishing of effects. Thus, we can infer that a high applied mechanical
parameter can increase the propagation of surface waves in the material. This parameter tends to exert a force
in terms of a push on the material as a result of this increase, where production of the maxima distributions
of the fields’ profiles of displacements and stresses occurs, and also close to the origin of the normal
coordinate. Near-uniform behavior for this varying mechanical parameter equally occurs in the domain
0.7<x,<1.5.
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Fig. 4. Distribution of the displacements u,,i =1,2 and stresses (T,, and T,, ) with respect to for X,

varying inhomogeneous parameter m.

Subsequently, Fig. 4 gives the impact of inhomogeneity m of the medium on the displacements u;,i=1,2 and

stresses(T,, and T,,) against the normal coordinate X, of the surface wave on the inhomogeneous material

contingent upon other interactions of magnetic field H,, wavenumberb, angle of inclination® , variable

(aandc) amplitudes associated with corrugation, impedanceZ,,i=1,2, and the mechanical parameter F,

associated with inclination of the medium. We obsetve that the inhomogeneous quantity m causes a

downward trend in the distribution of displacements u;,i =1,2 and stresses (1, and 1,,) (and in the material

when its variation is on the rise), while noting close uniformity in the domainl <x, <1.5.. In addition, as the

material length increases, the profiles of the displacements and stresses in the material reverse, i.e., decrease.

Thus, less inhomogeneity of the medium produces maxima profiles of the fields” distributions, especially at
m=3and very close to X, =0.the minima values of the distributions of the quantities of displacement and
stresses of the wave on the material, which were noticed for high inhomogeneity, i.e., m =5 whilst noting a

wide gap in the behavior of these variations in the domain 0 < x, <0.3.
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Fig. 5. Distribution of the displacements u,,i =1,2 and stresses (T,, and 7,, ) with

respect to X, for varying magnetic field H, .
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Consequently, Fig. 5 showcases the exhibitions of the magnetic field H, of the medium on the displacements
u;,i=1,2 and stresses (1, and 1,,) of the surface wave on the inhomogeneous half-space with respect to the
normal coordinate X, . This is achieved if the interaction of inhomogeneitym of the medium, wavenumberb
, angle of inclination 0 , variable amplitudes (a and ¢) associated with corrugation, impedance Z,,i=1,2 , and
the mechanical parameter F, associated with inclination of the medium are in constant application on the
medium. We witness a uniform behavior in distributions of the displacements and stresses at this instance,
for x, 2land when the magnetic field H; increases. Also, an increase in the magnetic field in the medium
tends to decrease the distribution of displacements. It stresses in the material, especially along the extended
length of the inhomogeneous medium, where the minimum values of the distributions of the field quantities
occur. Thus, we deduce that the maximum values of the distributions occur when the magnetic field Hy is

negligible, say, at H, = 0 and also the length of the normal coordinate is small, accordingly.
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Fig. 6. Distribution of the displacements u,,i =1,2 and stresses ( T,, and T,, ) with respect

to X, for varying a associated with variable amplitude of corrugation.

More so, Fig. 6 entails the impacts of one of the parametersa associated with variable amplitudes of

corrugation on the displacementsu;,i=1,2 and stresses (7,andt,)of the surface wave on the
inhomogeneous half-space with respect to the normal coordinate X, . This is actuated such that the interaction
of the magnetic field Hy , inhomogeneitym of the medium, wavenumberb , angle of inclination 0 , one of
the terms of variable amplitudes ¢ associated with corrugation, impedance Z;,i=1,2, and the mechanical
parameter F;associated with inclination of the medium are fixed on the inhomogeneous medium. We equally
observe uniform behaviors in distributions of the displacements and stresses at this instance for x, >1when

the parametera associated with variable amplitudes of corrugation increases. Also, an increase in a yields
mixed behaviors (in terms of decrease and increase) on the distributions of the displacements and stresses on
the material, especially along the extended length of the inhomogeneous medium, where the minimum values
of distributions of the fields’ quantities of displacements and stresses occur. This decrease is somehow

spatsely showcased at this instance within the domain 0 < x, < 0.4. Hence, we adduce that the maxima values

of the distributions occur ifa is, say, at a=2.55, and the length of the normal coordinate is small, say near

x, =0.
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wavenumberb .

Furthermore, Fig. 7 gives the influence of the wavenumber b on the displacements u;,i=1,2 and stresses (1,
and 1,,) of the surface wave on the inhomogeneous half-space with respect to the normal coordinate X, is
depicted. This would only happen when the interaction of the magnetic field Hy, inhomogeneitym of the
medium, angle of inclination 0 , terms of variable amplitudes (c,a ) associated with corrugation, impedance
Z,,i=1,2, and the mechanical parameter F, associated with inclination of the medium are unchanged on the
inhomogeneous fibre-reinforced solid. This indicates that the stress and displacement profiles of the wave in
the medium decrease as the wave wavenumber increases. This decrease in profiles is pronounced as the wave
propagates from the origin to the extended length of the medium, where not only the minimum values of the
distributions occur, but also uniform behaviors in mixed form. Thus, the maxima values of the distributions

in Fig. 7 are given near the origin, say X, =0 when the wavenumberb decreases at b =4.2.
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to X, for varying ¢ associated with variable amplitude of corrugation.



Dynamic response of waves on a non-homogeneous impedance solid with variable amplitudes.... 280

Following this, Fig. § depicts the effects of one of the parameters ¢ associated with variable amplitudes of
corrugation on the displacementsu;,i=1,2and stresses (t,,andt,)of the surface wave on the
inhomogeneous half-space with respect to the normal coordinate X, . This is actualized if the interaction of
the physical quantities of the magnetic field Hy, inhomogeneitym of the medium, wavenumberb , angle of
inclination 0 , one of the terms of variable amplitudes a associated with corrugation, impedance Z;,i=1,2,
and the mechanical parameter Fj associated with inclination of the medium are fixed on the inhomogeneous
medium. We observe uniform behaviors in distributions of the displacements and stresses at this instance, as
X, >1when the parameterc increases. Also, for x, <land considering the increase in stresses and
displacements, a decrease in behaviors of the distributions ensues. Hence, we deduce that the maxima values
of the distributions occur if ¢is small, say, at ¢ =7 and the length of the normal coordinate is small, say, close

tox, =0.
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Fig. 9. Distribution of the displacements u,,i =1,2 and stresses ( T,, and 7,, ) with

respect to X, for varying impedance Z, .

Furthermore, Fig. 9 showcases the effects of the normal impedance Z, on the displacements u;,i=1,2 and
stresses (1,,and1,,) of the surface wave on the inhomogeneous half-space with respect to the normal
coordinate X, of space. This is depicted in such a way that other considered quantities of the model like the
magnetic field, wavenumberb , inhomogeneitym of the medium, angle of inclination 0 , terms of vatiable
amplitudes (c,a ) associated with corrugation, impedance Z, , and the mechanical parameter F; associated with
inclination of the medium, are held in a steady application during the interaction with various Z,on the

inhomogeneous fibre-reinforce solid. There is no doubt that an increase in the normal impedance on the
distributions of displacements and stresses increases the distributions of surface-wave displacements and
stresses. In fact, the maximum values of the stresses and displacements occur very close to the origin when
the impedance Z, =0.74, which is at the highest considered value of variation ofZ,. However, all
distributions tend to decrease along the length of the material and towards the vanishing region, where the
minimum values and uniformity occur. However, all distributions tend to decrease along the length of the
material and towards the vanishing region, where the minimum values and uniformity occur.
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In a very close analysis, as in Figs. (9) and (70) also depict the effects of the horizontal impedance Z, on the
displacements u;,i=1,2 and stresses (1,, and 1,,) of the surface wave on the inhomogeneous half-space with
respect to the normal coordinate X, of space. This is demonstrated in such a way that other considered

quantities of the model, like the magnetic field, wavenumberb , inhomogeneity m of the medium, angle of

inclination 0 , terms of variable amplitudes (c,a) associated with corrugation, impedanceZ,, and the
mechanical parameter Fjassociated with inclination of the medium are held in a steady application during the
interaction with various Z, on the inhomogeneous fibre-reinforce solid. Thus, an increase in the horizontal
impedance Z,on the distributions of the displacements and stresses increases the behaviour of the

distributions of the stresses and displacements of the surface wave. Thus, the maximum values of the stresses

and displacements occur very close to the origin when the horizontal impedance Z, = 0.54, which is the
highest considered value of variation of Z,. However, all distributions tend to decrease along the length of

the material and towards the vanishing region where the minimum values and uniform occurrence exist.
6 | Conclusion

This study explores a mathematical model to aid the analysis of surface wave stresses and displacements in
an inhomogeneous fibre-reinforced solid under magneto-elasticity theory, with variable amplitudes of
corrugated inhomogeneous impedance and mechanical inclination at the solid's boundary. The constitutive
equations of the homogeneous fibre-reinforced medium are considered, and, by deforming the material
constants through an exponentially decaying approach, the inhomogeneous governing dynamic equations of
motion were derived and presented. Non-dimensionalization of the resulting equations of motion was carried
out, and the application of the harmonic solution approach to wave analysis, along with suitable formulations
of the variable amplitudes of the corrugated inhomogeneous impedance conditions, aided the derivation of
closed-form solutions for the wave displacements and stresses in the inhomogeneous fibre-reinforced
material. Computational results in the form of graphical solutions of the derived closed-forms of the stresses
and displacements are presented. These graphical solutions thus illustrate the variations and behaviors of the
contributing quantities: magnetic field parameter, inhomogeneity of the medium, wavenumber, angle of
inclination, terms of variable amplitudes associated with corrugation, impedance, and the mechanical
parameter associated with the inclination of the medium, in terms of the displacements and stresses of the

surface wave. This is such that:
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I. An increase in the angle of inclination, inhomogeneity, and wavenumber dectreases the wave's
displacements and stresses in the inhomogeneous material, whilst maintaining uniform characteristics
along the extended length of the normal coordinate of space, probably due to reinforcement and the
considered quantities in the material.

II.  Also, increasing the magnetic field in the medium leads to increased behavior in the distributions of the
wave's stresses and displacements, whilst maintaining uniform behavior along the extended length of the

normal coordinate of space.

III. An increase in the variation of the mechanical parameter F, gives a corresponding increase in the

displacements and stresses of the wave on the inhomogeneous impedance material.

IV. One of the variable amplitudes of corrugated parametersa , produces mixed behaviors (in terms of
decrease and increase) on the stresses and displacements when increased, while its counterpart ¢ yields a
decreasing behavior on the stresses and displacements when increased in some domains of the
distributions.

V. Both the normal and horizontal impedances increase the distribution of the wave's stresses and
displacements in the material. Uniform behaviors are also observed along the length of the normal

coordinates, indicating the material's resistance to wave motion.

Concisely, this investigation would yield some exceptional cases found in the literature if we take ¢=0-
leading to formulations of the Asanao [5] model for uniform amplitudes of corrugation. Also,ifa=c=F, =0

are negligible, results for the classical models in traction-free and planar boundaries are achieved. Thus, we
hold that this work would add more information to the research community, especially those working on the
analysis of surface waves, geophysical examinations, and mathematics of wave phenomena, where non-
homogeneous impedance and variable amplitudes of corrugation with magnetic and mechanical inclination

affect the system.
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